Abstract In this paper, we use the restricted three body problem in the binary stellar systems, taking photogravitational effects of both the stars. The aim of this study is to investigate the motion of the infinitesimal mass in the vicinity of the Lagrangian points. We have computed semi-analytical expressions for the locations of the collinear points with the help of the perturbation technique. The stability of the triangular points is studied in stellar binary systems . To investigate the stability of the triangular points, we have obtained the expressions for critical mass which depends on the radiation of both primaries. Fourier-series method is applied to obtain periodic orbits of the infinitesimal mass around triangular points in binary stellar systems. We have obtained Fourier expansions of the periodic orbits around triangular points upto third order terms. A comparison is made between periodic orbits obtained by Fourier-series method and with Runge-Kutta integration of fourth order.
Introduction
In a binary stellar system, each star is exerting a gravitational force on any object with mass in its vicinity. The study of binary stellar systems is very important because of more than 60 percent of the stars in the solar neighborhood build such systems which are interesting systems from the dynamical point of view. For such system the restricted three body problem is an appropriate model. Restricted three body problem is a special case of the three body problem (Barrow-Green et al, 1999; Roy, 2005; Marchal, 2012; Mia and Kushvah, 2016) which is very important in many scientific fields such as celestial mechanics, galactic dynamics, molecular theory etc. and it is the most important problem in exoplanetary systems. In the circular restricted three body problem two primaries move in circular orbits around their common center of mass and the third body i.e., small body moves in the same plane and it is influenced by the gravitational forces from the primaries but it does not influence the motion of the two primaries. So many authors have used this problem to find the stability of planet, asteroids or small bodies like meteoroids.
Many researchers worked on the study of the existence and stability of libration points in the framework of restricted three body problem considering additional perturbations from radiation pressure (Alvarez-Ramírez et al, 2014; Eapen and Sharma, 2014) , the stokes drag (Jain and Aggarwal, 2015) , the solar wind drag (Pal and Kushvah, 2015) , oblate and triaxial bodies (Singh and Taura, 2014) , the variable masses (Abouelmagd and Mostafa, 2015) , the potential from a disk (Kishor and Kushvah, 2013) , and the Yarkovsky effect (Ershkov, 2012) .
There are several authors who have studied the significance of radiation from stars in binary systems (Zhou and Leung, 1988; Papadakis, 2006; Roman, 2007; Das et al, 2008) . Also, some authors studied the effect of radiation from Sun on the motion of small particle in our solar system (Robertson, 1937; Kushvah, 2008; Abouelmagd and Sharaf, 2013; Kumari and Kushvah, 2013; Tiwary and Kushvah, 2015) . Todoran (1993) studied the effects of the radiation pressure in the restricted three-body problem and the existence of the 'out-of-plane' equilibrium points. They found that within the framework of the stellar stability, the five Lagrangian points are the only equilibrium points, at least as far as the force of the radiation pressure is taken into account.
The linear stability of the triangular equilibrium points in the photogravitational elliptic restricted problem have examined by Markellos et al (1992) . They determined the stability regions in the space of the parameters of mass, eccentricity, and radiation pressure. They also found that radiation pressure of the larger body for solar system case exerts only a small quantitative influence on the stability regions. Schwarz et al (2012) studied the stability of the Lagrangian point L4 in the spatial restricted three-body problem and the possibility of inclined Trojan-like objects in exoplanetary systems (single and binary star systems). They investigated stability computing stability maps by numerical methods. In the case of circular motion of the primary bodies, they have shown that there are stable orbits up to an inclination i = 61 degree of the test particle. Abouelmagd (2013) studied the existence of triangular points and their linear stability when the primaries are oblate spheroid and sources of radiation in the restricted three-body problem. They observed that the locations of the triangular points are affected by the oblateness of the primaries and solar radiation pressure. They also shown that these points are stable for 0 ≤ µ ≤ µ c and unstable for µ c ≤ µ ≤ 1 2 , where µ c is the critical value of mass. Recently, Bosanac et al (2015) investigated periodic motions near a large mass ratio binary system within the context of the circular restricted three-body problem. They used stability analysis to explore the effect of the mass ratio on the structure of families of periodic orbits.
But most of their works includes the use of q i = 1 − β i , i = 1, 2, where β i is the ratio of the radiation pressure force of binary components to gravitational force of binary components. The luminosity of some star of binary's is unknown so in this present work using relation between luminosity and mass of a star, we have calculated the values of luminosity for different binary systems. Also using the realistic relation among β, luminosity and mass of the binary components, we have found the values of q for different binary system. After that we study the motion of a small particle around a binary star system in the presence of radiation from both the stars i.e., primaries.
Moreover, we have found periodic orbits around triangular points with the aid of Fourier series. Periodic orbits with the help of Fourier series of the classical RTBP have found by Pedersen (1935) . Whereas, we determine periodic orbits of the RTBP with radiating primaries in binary systems. Also for the purpose of matching the results we have determined periodic orbits in Earth-Moon system and the result found agree with that of Pedersen (1935) .
The purpose of this present study is to describe and examine the motion and to find the orbits of the infinitesimal body in stellar binary system using the model of circular restricted three body problem taking into account of the photo gravitational effects of both the stars along with the gravitational forces. We analyze the stability of triangular points in the binary stellar system by the method described in Moulton (2012); Szebehely (1967) ; Murray and Dermott (2000) . We obtained periodic orbits around triangular points with the help of Fourier series.
The present paper is organized as follows. In Section 2, we introduce the equations of motion. Numerical values of physical parameters are discussed in Section 3. In Section 4, we found location of Lagrangian points of binary stellar systems. Stability of triangular points are discussed in Section 5. Fourier series in the vicinity of triangular points are discussed in Section 6. Finally, Section 7 is devoted to conclusions.
The equations of motion
We assume that M * 1 and M * 2 be the masses of primary and secondary star having spherical symmetry move about their centre of mass in circular orbits and a third mass also known as infinitesimal body m attracted by the previous two but not influencing their motion. We consider the motion of a test particle under the influence of the gravitational force of the star-star system, and q 1 and q 2 , the factor characterizing the radiation effect of the primary and secondary stars respectively. We have chosen the unit of mass such that M * 1 + M * 2 = 1. Let unit of distance be so chosen such that the constant distance between two finite bodies is unity. We consider the mass parameter µ =
, let unit of time be so chosen that G shall be equal to unity and mean motion is n = 1 with M * 2 = µ and M * 1 = 1 − µ. Let us suppose that Oxyz be the rotating co-ordinate system having origin at the centre of mass O of the primaries which is fixed with respect to the inertial system. Let the position of infinitesimal body be P (x, y) and the positions of bigger and smaller bodies are P 1 (−µ, 0) and P 2 (1 − µ, 0) respectively relative to the rotating system. Then the equations of motion of the test particle in the dimensionless rotating coordinate system are written as (Zagouras, 1991) 
where
Also the Jacobi integral is given bẏ
where C is the Jacobi constant.
Numerical values of physical parameters
The mass reduction factor q is defined as q = 1 − β, where the parameter β = F p F g , F p and F g be the radiation and gravitational attraction forces respectively. It depends on the physical properties of the star and the test particle which is given by (Ragos and Zagouras, 1993) 
where M and L are the mass and luminosity of a star, s and ρ are the radius and density of the particle and c and G are the speed of light and Gravitational constant respectively. Brownlee et al (1976) have shown that micron-sized interplanetary dust particles have densities between 1 g/cm 3 and 4 g/cm 3 . The average density of cosmic dust is typically around 2 g/cm 3 with most values between 0.6 and 5.5 g/cm 3 (Kohout et al, 2014) . Moreover, Singh and Umar (2013) considered s = 2 × 10 −2 cm and ρ = 1.4g/cm 3 for some dust grain particles in the binary systems. Likewise in this paper we have considered s = 7 × 10 −3 cm and ρ = 1.5 g/cm 3 . Also for stars, luminosity is related to mass as (Duric, 2004; Salaris and Cassisi, 2005 )
where, L ⊙ and M ⊙ are the luminosity and mass of the Sun. We compute the values of luminosity L and mass reduction factor q using the parameters values in C.G.S units as L ⊙ = 3.846 × 10 33 erg/s, c = 3 × 10 10 cm/s, G = 6.67384 × 10 −8 cm 3 g −1 s −2 and M ⊙ = 1.99 × 10 33 g and computed values are given in Table 1 . 4 Location of the equilibrium points in binary star systems
There are five equilibrium points also known as Lagrangian points for the restricted three body problem. At the equilibrium pointsẋ =ẏ =ẍ =ÿ = 0. So, the coordinates of equilibrium points of the problem are obtained by equating R.H.S of Eqs. (1) and (2) to zero i.e.,
In the classical RTBP there are five equilibrium points namely
and L 5 and depend on the masses of the respective primaries. But the location of equilibrium points in binary star system depends on the masses as well as the luminosities of the stars.
Location of the collinear points
At the collinear points, y = 0, r 1 = |x + µ|, and r 2 = |x − (1 − µ)|. There are three such points L 1 , L 2 and L 3 , where L 1 lies between M * 1 and M * 2 , L 2 lies to the right side of mass M * 2 , L 3 lies to the left side of mass M * 1 . At L 1 point, −µ < x < 1 − µ. So, in this case, we have r 2 = 1 − µ − x = ρ(say), r 1 = 1 − ρ and x = 1 − µ − ρ. On substituting these values in Eq. (8), we get
For the classical restricted three body problem, when q 1 = q 2 = 1, we assume that γ be the value of ρ where, γ is given by (Fitzpatrick, 2012) 
Suppose the value of ρ slightly changes in the presence of q 1 and q 2 and new value of ρ is defined as ρ = γ + δ 1 , where δ 1 ≪ 1. We determine the value of δ 1 by substituting the value of ρ the Eq. (10) and solving them (after neglecting the higher order terms of δ 1 as δ 1 ≪ 1), we obtain
where,
At L 2 points, x > 1 − µ. In this case, we have r 2 = x + µ − 1 = ρ (say), r 1 = 1 + ρ and x = 1 − µ + ρ. Substituting these values in Eq. (8) and simplifying, we have
Suppose γ be the value of ρ for classical case and it is given by (Fitzpatrick, 2012) 
For the presence of q 1 and q 2 , let the value of ρ will be slightly changed and the new value is defined as
Now, substituting this value of ρ in Eq. (14) and neglecting the higher order terms of δ 2 as δ 2 ≪ 1, we determine
Similarly, at L 3 points, −∞ < x < −µ. In this case, we have r 1 = −(x + µ) = ρ (say), r 2 = 1 + ρ, and x = −ρ − µ. On substituting these values in Eq. (8) and after simplifying, we have
In this case, also assuming that, β be the classical value of ρ and it is given as (Fitzpatrick, 2012) β = 7 12
On substituting this value of ρ in Eq. (19) and neglecting the higher order terms of δ 3 as δ 3 ≪ 1, we determine
Using the above expressions we can obtain the collinear points for any binary star systems. For the purpose of validation of the semi-analytical result we have solved numerically Eq. (8) and obtained collinear points L 1 and L 2 for four binary star systems. From Table 2 , it is clear that semi-analytical and numerical results shows an excellent level of agreement. 
Location of the triangular points
The triangular points L 4 and L 5 have the coordinates (Schuerman, 1980)
Using Eqs. (24) and (25), we obtain the position of triangular equilibrium points of the binary star systems. The computed numerical values of the triangular points are given in Table 3 and a comparison of triangular points of different systems are shown in Fig. 1 . 
Stability of the triangular points
We are now interested to know what would happen if the infinitesimal particle is displaced a little from one of the triangular points. If the infinitesimal particle is slightly displaced from one of the equilibrium points and given a small velocity to that particle then either the motion of the particle is a rapid departure from the vicinity of the point, we call such a position of equilibrium as an unstable one or the particle merely oscillates about the point, this position is known as stable position. In order to study the possible motion of the infinitesimal particle near any Lagrangian point (x 0 , y 0 ), the particle be displaced to the point (x 0 + ξ, y 0 + η).
We define
where the displacements ξ = Ae λt , η = Be λt are very small, A, B and λ are parameters to be determined. Putting these co-ordinates into Eqs. (1) and (2) and using the method discussed by Murray and Dermott (2000), we obtain
where superfix 0 denotes corresponding value at equilibrium point. Putting ξ = Ae λt , η = Be λt and after simplifying, we obtain the characteristic equation corresponding to Eqs. (27) and (28) as
Let us suppose that q i = 1 − β i (i = 1, 2). Again as 0 < q i ≤ 1, we have β 1 , β 2 ≪ 1. Now, we have
As β 1 , β 2 ≪ 1, each of |h i | and |k i | (i = 1, 2, 3) is very small. It is noticed that we neglect the higher order terms containing β 1 and β 2 as β 1 , β 2 ≪ 1. On substituting these values of Ω 
The roots of Eq. (30) are
where, the discriminant of Eq. (31) is given by
The critical value of mass parameter µ c is a root of the equation B 2 − 4C = 0, solving this equation, we obtain
Now for classical restricted three body problem, q 1 = q 2 = 1 and hence β 1 = β 2 = 0. Consequently, h i = k i = 0 (i = 1, 2, 3) and in this case, the critical value of the mass ratio is µ c = 1 2 − 1 6 23 3 = 0.0385209 which is same as that of classical case (Szebehely, 1967; Celletti, 2010) . There can be three cases on the basis of the critical value of mass parameter which are -when µ c < µ ≤ 1 2 or B 2 −4C < 0, the real part of two of the characteristic roots are positive and equal and hence in this case triangular points are unstable. -when 0 < µ < µ c or B 2 − 4C > 0, all the four roots of characteristic equation are pure imaginary and different and consequently triangular points are stable.
-when µ = µ c or B 2 − 4C = 0, there are double roots of equal magnitude which means secular terms present in the solutions of the variational equation and hence triangular points are unstable.
In our cases the value of µ c for four binary systems are given in Table 4 . We have seen from Table 4 that for all the systems, critical value µ c of mass parameter satisfies the relation µ c < µ < 1 2 , and the discriminant of Eq. (31) B 2 − 4C is negative. Hence, the real part of two of the characteristic roots are positive and equal which are given in Table 4 . Consequently, the triangular equilibrium points are unstable. 
Fourier series for the periodic orbits in the vicinity of triangular points
In mathematics, a Fourier series decomposes any periodic function into the sum of a possibly infinite set of oscillating functions, namely sines and cosines. Fourier series were introduced by Joseph Fourier for the purpose of solving the heat equation in a metal plate. Though the original motivation was to solve the heat equation, later it became clear that the same techniques could be applied to a broad range of mathematical and physical problems. A periodic orbit is a special type of solution for a dynamical system, which repeats itself in time. In the field of astronomy, astrophysics, and space science etc., periodic orbits play much important role and from their studies one may know about orbital resonance, spin orbit etc. In this section we determine periodic orbits around triangular points using Fourier series.
To discuss the motion of the infinitesimal mass in the vicinity of the triangular points L 4 , we translate the origin to L 4 point with new co-ordinate system whose axes parallel to old co-ordinate system. Then we have
The equations of motion in new co-ordinate system arë
We expand Eq.(37) upto fourth order terms as follows: (41) where the coefficients of the right hand side are given in Appendix A. From Eq. (41) we can find the expansions of ∂Ω f ∂ξ and ∂Ω f ∂η and then inserted in Eqs. (35) and (36), we obtained the governing equations of motion of the infinitesimal mass in the vicinity of triangular point L 4 upto third order terms as follows:
and the Jacobi integral corresponding to Eqs. (42) and (43) 
To find the periodic orbits around triangular point L 4 , we have to determine the Fourier coefficients a and b in the Fourier expansions of ξ and η:
where the coefficients a 1 , a −1 , b 1 , and b −1 are of the first order, while the remaining coefficients are of higher order. The coefficients with subscripts 0, 2 and −2 are of the second order while the coefficients with subscripts 3 and −3 are of third order.
First order Fourier coefficients
Keeping the first order terms only in Eqs. (42), (43), (45) and (46) and with the help of these equations, we have four equations for determining the first order terms as follows:
We can determine a 1 and b 1 in terms of a 1 and b 1 from the first two equations of (47) and then inserting these expressions of a −1 and b −1 in the last two equations of (47), we obtain
From above two equations it is clear that if
then a 1 = b 1 = 0 and consequently a −1 = b −1 = 0. Therefore the mathematical conditions for periodic orbits is
Now Eqs. (48) and (49) are satisfied for all values a 1 and b 1 . We have chosen the values a 1 = ǫ and b 1 = 0 (Pedersen, 1935) . Putting this values of a 1 and b 1 in (47), we have
Hence the periodic orbits around L 4 are
Second order Fourier coefficients
By applying a similar procedure as in the previous subsection, we obtain second order Fourier coefficients of the periodic orbits around the triangular points L 4 . For the following calculations we will use the coefficients scheme given in Pedersen (1933) . Introducing the values of a 1 , b 1 , a −1 , b −1 and ξ, η, ξ 2 , η 2 , ξη,ξ,η,ξ,η and equating the coefficient of 1 from both sides of Eqs. (42) and (43) we get two equations with unknown a 0 and b 0 solving them, we obtain 
Again equating the coefficients of cos 2ωt and sin 2ωt from both sides of Eqs. (42) and (43) we get a system of four equations with unknown a 2 , b 2 , a −2 , and b −2 and solving them, we get In a similar way using the expressions of first order coefficients a 1 , b 1 , a −1 , b −1 and second order coefficients a 0 , b 0 , a 2 , b 2 , a −2 , b −2 , it is possible to find the coefficients of the third order in the coefficient scheme corresponding to cos 3ωt and sin 3ωt and ξ 2 , ξη, η 2 , ξ 3 , ξ 2 η, ξη 2 and η 3 . Inserting these values in Eqs. (42) and (43), we can compute the coefficients of cos 3ωt and sin 3ωt. Equating these coefficients to zero, we obtain four equations for the determination of third order Fourier coefficients a 3 , b 3 , a −3 and b −3 . Solving these, we obtain
where the values of a 3a , b 3a , a −3a and b −3a are given in Appendix A.
In Fig. 2 we show the periodic orbits around L 4 in binary system Kepler-16 for different values of parameter q 1 and q 2 . We observe that for decreasing values of q 1 and q 2 , the periodic orbits are expanding. Fig. 3 represents the periodic orbits around L 4 points in Sun-Earth system for different values of radiation parameter q 1 when q 2 = 1 (as bigger primary Sun is only radiating). In this figure as we decrease the values of q 1 , periodic orbits are shifting towards the origin and expanding. A comparison of periodic orbits by Fourier-series method and as in Broucke (1968) are shown in Fig. 4 . We have taken Sun-Earth system with µ = 0.000003 and q 1 = 0.90, q 2 = 1. In this case critical value of µ is µ c = 0.00349086 and the four roots are pure imaginary and the roots are λ 1,2 = ±αi = ±0.836621i and λ 3,4 = ±βi = ±0.632506i. Hence the motion of the infinitesimal mass around L 4 is stable and the general solution is of the form Fourier series solutions and numerical solutions are expected (Fig. 6) . In Fig. 5 we show the periodic obits around L 4 point in binary system Kepler-16 for the values of ω = 0.9 and ω = 0.6. It is observed that the orbit is enlarged furthest to the left when values of ω decreases from 0.9 to 0.6. Further, the periodic orbits around L 4 point for four binary systems are shown in Fig. 7 using the actual values of radiation parameters for both the primaries.
Conclusions
We have studied the motion of a infinitesimal mass in the context of the binary stellar systems . We have applied restricted three body problem as the model, considering gravitational and radiation effects on the particle from both the stars. With the help of the perturbation technique, semi-analytical expressions for the location of collinear points have been obtained. A comparison is presented in Table 2 between the analytical and numerical solution of collinear points which shows an excellent level of agreement. We examined the linear stability of triangular points by obtaining the expressions for critical mass. We have found that critical mass depends on the radiation of both primaries. It is observed that for the stellar binary systems the roots of the characteristic equations are complex conjugate with one root has positive real part. Hence the motion around triangular points are unstable. Further, we have obtained Fourier expansions of the periodic orbits around triangular points in the CR3BP with radiation pressure from binaries. We observed that the periodic orbits are expanding for decreasing values of q 1 and q 2 . We have also observed in Sun-Earth system that as we decrease the values of q 1 , periodic orbits are shifting towards the origin and expanding. Moreover, periodic orbits obtained by Fourier series method have been compared with that of RK4 numerical methods. Also using the actual values of radiation parameters, we have computed periodic orbits in four binary systems. Moreover, since detection of binary systems are increasing in number, studies of such systems provide an important contribution for future observations. Furthermore, as the higher order approximation produce the closer orbit, the work would be extended by considering higher order terms in the governing equations of motion and in the Fourier-series. 
